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An existence theorem for a periodic solution of a nonlinear nearly-Liapunov self-con-
tained system containing lag in the form of small increments is proved, A practical pro-
cedure for the construction of the solution is described, ‘

Equations of the (1, 1) type describe mechanical systems which contain materials with
an essentially nonlinear elastic characteristic (plastics, rubber) [2], nonlinear dampers
with an inelastic restoring force, and systems with a feedback-loop lag (as in locator-
type devices [3]), etc,

Pontriagin [4] proved an existence theorem for a periodic solution of a self-contained
nearly conservative system without lag,

In the present paper the method of ancillary systems of Shimanov [5 and 6] is used to
prove the existence of, and to construct, periodic solutions of Eq,(1.1),

1, Let us consider the system described by differential equations with lag of the form

7 = AX L X (@) + ¥F (x (1), x((— ), B) (11)
0 —-20...0
z X F A0 O ... 0
x=E’X:§1F=;vA=(.)O.a?a...a?ﬂ
z, X, F, oL .
am o v . am‘
Here A and a,; are constants; X are analytic functions of the variables z,,..., z,
in the neighborhood of the point 2, = ...==z, = 0 whose expansions in powers of these

variables begin with terms of order not lower than two; the functions F are analytic in
the variables xy (f),..., Zn (t)y 2y ¢ — %) ,...,Z,(f— T)in some neighborhood of
the origin, and also in the small parameter p in the neighborhood of the point p =0;
T is the constant lag,

We assume that the generating system

d .
- = Ax+X(x) (1.2)

is a Liapunov system, i, e, that the following conditions are fulfilled [1]:
a) the characteristic equation |a;; — pd;;| == 0 does not have zero roots and roots
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of the form VA —1 (where NV is an integer);
b) system (1,2) has a first integral of the form

H =z,2 + z2 + W (24,..., xn) + § (25,..., ) =const (1.3)
Here W'is a quadratigeform in the variables Zg, . ... , Z, i .S is an analytic function
of the variables x,,..., T, whose expansion begins with terms of order not lower than
three,
Dots between vectors, as in x-y ,represent scalar multiplication; the derivative
dH/dx® is computed for generating solution (2, 1),

2, We know [1] that under the above assumptions system (1,2) has a periodic solution
dependent on the two arbitrary constants ¢ and n,

z° (6 4+ M, ¢) = ccos® + Az, (0) +... (2.1)
2’ (t+1n, ¢)=csino + 24 (0) +...

2° (L M, €) = cxqy (0) + 3z4y (@) + ... (s = 3,..., n)
=LA+ [t nE], h(c) = hge? + hge® + ...

where zj; (@) .are periodic functions of & of period 2a which satiéfy the conditions

o1 (0)==x,§ 0) =0 (/ > 2),and where h,, hg,... are some constants of which the first
nonzero constant has an even subscript, Series (2, 1) converge for all 9 and for values of
¢ from some neighborhood & of the point ¢ = 0. The period-of solution (2, 1) is given

by Formula T =2nh (4 + h (9] (2.2)
The following theorem is valid,
Theorem, System(1,1) has a periodic solution which becomes a generating solu-
tion belonging to family (2,1) for p = 0 if and only if the parameter ¢ satisfies Eq,
T
dH
R (c) =\ FO°(t), x°(t—1),0)- 5odt=0 (2.3)
0
Every simple root ¢ = ¢, of Eq, (2, 3), i, e, every root such that
(dRlde), _. ., =0 (2.4)
is associated with one and only one periodic solution of system (1,1) analytic in p in
the neighborhood of the point p = 0. The period of this solution is also an analytic func-
tion of m.
Proof, Let us denote the period of the required periodic solution by T (1. pa)
where a is generally not equal to zero, Replacing the time ¢ in system (1,1) by
t; (1 + pa), we obtain

= A X FRF @), xG—Th IR E=nd ) (25

The problem reduces to that of finding the periodic solutions of period T of system(2,5).
Making the substitution X () = x° (t;, ©) + pz ()

in system (2, 5), we obtain the following system in z:

d ]
% =(A4P)z+F°+a 7’;;— + p® (f, z (t), Z (L1 —T1), B) (2.6)
where
80X,

1’==IP(§“=|('M—,.)°|' Fo=F(x"(t), x* (h—7), 0) @7
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o=tomet () ot -+ () + o

+af(A+P) s+ Fl+pl...] o(z)=|qﬁ|=‘(:—,[%f—;])o-zl

The parentheses (... mean that the generating solution has been substituted in after
differentiation, System (2, 6) has a periodic solution of period 7 only if the condition of
existence of a periodic soulution of the system obtained from (2, 6) for p = 0 is fulfilled,
This condition is [1
. \ (o +a ) war=o o)

3 +a—r)- - Y=o 2.8
o

Here the vector function ¥ is the unique periodic solution of period T of the system

adjoint to the system in variations for Eqs,(1.2).

Recalling that ) T
dx° dH dH
a————dtl Srro dtl_aSTiE-dtlEO

1]
we obtain the necessity of condition (2, 3).

Let us suppose that condition (2. 3) has been fulfilled by the choice of ¢ = ¢, and that
the point ¢ = ¢, lies in the domain & of convergence of series (2,1), We can show that
if condition (2, 4) is fulfilled, then there exists a unique periodic solution of system (2.6),
Along with system (2, 6) we consider the ancillary system

da dx® (dx“ t, dT dx°)
@, =4+ PutFotag o=\Z + T % I Seme, @9
Here the constant W is given by the relation

=—= S Q¥ diy (2.10)

The periodic solution of ancillary system (2, 9), (2, 10) can be.found by the method of
successive approximations, As the first approximation we take

ui)= (dz° / dt;)com c;y WV =0
The mth approximation is given by the system

du("‘)
=(A+ P)u™ 4 F° + a2 + p@™) L wime (2.11)
T
W = % S ™Dy 4y, O™ = @ (1, u™ D (1), W™D (1~ 1)), p)

0
The periodic solution of system (2, 11) is of the form

dx°
u™ =y (Z) 4L e ) + L (t, 0D 4 pimg)

Here the operator L satisfies the same conditions as in [1],(p. 110). The initial system
is self-contained, so that we can assume without limiting generality that us (0) = 0.
The constants M{™ can then be determined unambiguously from the condition uy(™
(0) = 0,since @, (0) == 0. Under our assumptions concerning the right sides of Eqs,(1.1)
we can show (e, g. as in [5]) that for a sufficiently small |p| the sequences u™ and W™
converge uniformly to the vector function u* (¢4,a,) and to the function W* (a,p).

System (2, 6) has a periodic solution if and only if
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T

w* (¢, p) ==— P‘S @ (41, u* (), u* (f1—72), p)- ¥ dt; =0 (2.12)
0
Recalling the form of the vector function 4 (2,7), we can rewrite Eq,(2,12) in the
form W* (@ p) = — WT) [Ay@*+ Ba+ C+p ()] =0 (2.13)
Here

T
=S(%O () v+ (4+ P)u') ¥ dly
0
T
":S Q @)’ +(%) u +(a;(7fl_f—,)) “(‘1—°1'1)+(A+P)u'+l~’°] W dty
0

T
o= § [ 0w+ () s+ i)t ()] v

where the vector functions W’ and u” are periodic solutions of the respective systems

dx dx® dx
G =A+Px+ oo, gr=(A+Px+F (2-14)
We know from general theory [1] that
w=g T (p=t a2 (2.15)
By some simple but quite cumbersome operations we can show that
m=o,  p—ti

From the theorem on implicit functions we infer that if condition (2, 4) is fulfilled,
then Eq, (2.13) is uniquely solvable for @, where @ is an analytic function a = a* (n)
in the neighborhood of the point p = 0. This determines the period of the periodic solu-
tion uniquely. The periodic solution of the initial system (1.1) can be written as

X (tl) =x° (tl + n, cl) + p‘u' (tlv a* (l"'), P‘)
and is an analytic function of p in the neighborhood of the point p = 0, The theorem
has been proved,

3, Let us now describe a practical procedure for constructing the periodic solution of
system (1,1), Making the time substitution

t=¢t (1-+ pa), a = g, -+ pa, + play +-...
in system (1, 1), we attempt to find the periodic solution formally in the form of a series
X (1, B) =X (, o+ pxa(ty) + p2x,(ty) +... (3.1)

with unknown periodic coefficients x; (¢,) of period T.

These periodic coefficients satisfy Eqs,

dx{ dx°
-—-(A—[-P)x—{—F‘)—}-ai an (3.2)

where the vector functions. F(t> are periodic in ¢, with the period T and are entire
rational functions in x (¢,) x (¢ ~ ).

We can attempt to’find the periodic solutions of systems (3, 2) by applying the method
of ancillary systems directly to systems (3,2) as we did in proving the existence theorem,
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However, the following method is simpler and more convenient for practical purposes,

Making the time substitution & = &y [1 + R (c)], where h (¢) is defined in(2,1), in
system (3, 2), we obtain dx

dx®
i =14+ Pyx+ FO T U+ 5 (9] + o, 33)
where the vector functions F(* are periodic in % with the period 2nt/A.
Let us consider system (3, 3) for { = 1
dx dx®
i =[(A+ P+ Pl +h @) +o 5 (34)

The vector function F° is defined in (2.7). Along with system (3,4) we consider the
ancillary system

dx°
dltl,1 =4+ P)m+FJ[+ k() + a7+ Wuli + Walls (3.5)
an/A
Y . dx®
Wa=—n5 § [PutEit+ao1+ auk @ +o | o
0 sin Aty
un cf)s My —cos Aly
— A, = slnoMa , Qy= 0 (k=1,2)
w A (... fee--en
in 0 0
We attempt to find a periodic solution of ancillary system (3, 5) in series form,
o0 (o]
m= D ule, W= D W' (k=1,2)
y=n =0

where (¥ are unknown periodic vector functions of ¢, of period 2m/A; W are un-
known constants, As already noted, in computing the periodic solution we can set
uyg (0) = 0 without limiting generality. Hence, as our initial conditions we take

u O =p, uQO=0 uPO=uO)=0 @>1 (36)

Here B, is a constant to be determined,

The periodic solution of system (3, 5) with initial conditions (3, 6) always exists and
can be computed with any degree of accuracy, Since systems (3, 5) are linear, and the
constants Wy, are given by

Win=cEx@) Br+ Vs () + HP () (k=1,2) @.7)

Here Ey, Vy, Hy are analytic functions of ¢, where at least one of the functions
E, (¢), E, {c) does not vanish identically,

The periodic solution of system (3, 4) exists if and only if

Wll = 0' ng =0 (3.8)
The compatibility condition for system (3, 8) can be written as
Ry (c) = ¢ By () Way — cEo(c)Wnn=0 3.9)

Condition (3, 9) is nothing other than condition (2. 3) written in a different form, since
the latter is the condition of existence of a periodic solution of system (3,4), Since Eq,
(2, 3) does not contain a,, we have a relation

S@)=—cE () Vy(c) —cEy(c) Vi(c) =0 (3.10)

From now on we assume that condition (3, 9) is fulfilled by the choice ¢ = ¢; ,From

system (3, 8) we findf; == B;* (a,, ¢).It is clear that PB,* (a,, ¢} is an analytic function
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of ¢ in the neighborhood of the point.¢ = 0 .with a pole of some order at this point, and
that it is a linear function of a;.
The periodic solution of system (3, 4) can be written as

X1 =uy (tl' ﬂl.(alv c)v dlv c) + Ml.(p‘ (tlf c) (311)

where @* = (d1° / dty)c—c,. From the condition % (0) = 0 we find that M, = 0.

Let us assume now that the vector function x; (/ < m — 1) have been computed and
that they are analytic in the neighborhood of the point ¢ = 0 with poles at this point .
Let us assume that the quantities a,..., &,_, have been determined uniquely and that
they are analytic functions at the point ¢ = 0 with poles at this point,

Let us consider system (3.3) for it =m

d dx®
T = A+ Py + F™ {4 R O]+ g (342)

Here F(™) are unknown vector functions of &, analytic in ¢ in the neighborhood of
the point ¢ = 0 with poles at this point and analytic in @, (the latter is self-evident
for m > 2; it is easy to show that for m = 2 function F® is a linear vector function of
a;). Let us isolate the terms containing amy_y as a factor in F(™),

- dF) dx° A/ dF | dx°(t;—1y)
F‘m) =0, [B Q (x1) -~ dc + B (dx)o-Tc—-*- E'(dx(ta—‘rz))o dzc 2

[+ 3- A+ P 4t P+ F°] + 6™ (343)

where @ is defined in (2, 7), and where G(™) does not contain a,_,. We rewrite Expes-
sion (3.13) as

1dP - 1 dF dx°
F™ =aq, [B Tutgtay B (A+P) 57—+ A+ Pyx + F°] + 6™ (3.14)

Along with system (3, 12) we consider the ancillary system

d I
T =l(A+ P)up + F™ ]+ A ()] +m Tt Win@ + Wy, (3.19)

ax/A
. d o
W,,,,.=—2—*,; \ [(Pu,..+F"">)[1+h(c)1+Aumh(c)+am7;’f,—] Aydts (k=1,2)
o

Specifying the initial conditions upy, (0) = By, Umq (0) = 0, we obtain the periodic

solution: uy, (t3, Bms @ma ¢) of system (3.15) and the constants Wy, in the form of series,
[+ o

U (s, )= D) uiD ()Y, Wim @ = ) W'
y=—d y=—d
where d is the largest order of the pole in the Laurent expansions of the vector functions
F(™), System (3,12) is a periodic solution if and only if
Wim = ¢Ep (¢) By + @y Vi () + H™) (¢) = 0 (3.16)

Here Hy(m) (c) are analytic functions of ¢ in the neighborhood of the point ¢=0
with poles at this point, The compatibility condition for system (3, 16) is similar to
condition (3. 9), ¢ By (c) Wam — ¢ By (¢) Wy = 0 (3.47)

Since the F(™) are linear in a,,_, , we can isolate the terms in Whym which contain

ap_3 as a factor, .
Wim = Wim' g+ W' (k=1,2)
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so that condition (3,17) can be written as
(cEyWyy' — cEsWyy,') Om-1 + (cE\Wyp'' — cEsWy,'' ) =0 (3.18)
Clearly, Eq.(3.18) is solvable for a,_4 if
EyWap' — cEyWyp' 50

Let us show that dR,
(70_)c=c, = [B (CE1W2 - CE Wlm)]c—c. (3.19)

where - B is defined in (2, 15),and R, (c¢) is defined in (3. 9). In fact,
d d dWy  d(cE (c)) d (cEs (c))
By o) B — B0 T+ D w,

However, for ¢ = ¢, pl = B,* (c) we have W,, = Wn 0.Hence,

(dTIZI‘)H = a1E (1) (dWm )c=c, — c1Es (c) (dW" ) (3.20)

c=C;
B1=8,* Pe=31"

Moreover, the vector function u,* = wu, (f, Py, @y, ¢) is a periodic solution of the
ancillary system, Substituting this solution into system (3, 5), we obtain identities in e.
Differentiating these identities with respect to ¢, we obtain
d (du dF°
() = [t m B i+ hn + [Fw + 5 |t e+

o ( ) d dx°® dWll szl
HlA+ P +F g +a g ) e @21)
where the identities are fulfilled for all ¢.

Comparing identities (3,21) with system (3, 15) with allowance for Formula (3, 14)
and recalling that system (3, 15) and relation (3, 10) are linear, we obtain

s 1 dWy,
(ka )c=c,= (_B_ dc c—-c, -

Hence, on fulfillment of the condition
dRy )
( dc €=¢C; # O (322)
Eq.(3.18) is uniquely solvable for @,,_;, where o, is an analytic function of ¢ in the
neighborhood of ¢ = 0 with a pole of some order at this point,
From system (3, 16) we obtain P, = Pp.* (a,, ¢). The periodic solution of system

(3.12) 1s X = U, (t3y Bm®* (@, ), Oy, ©)
where u,, is an analytic vector function of ¢ in the neighborhood of the point ¢ = 0
with poles at this point; it is linear in a,.

Thus, on fulfilling conditions (3, 9) and (3. 22), we obtain the unique system of formal
series (3, 1) satisfying system (1,1), The convergence of these series for sufficiently
small |p| follows from their uniqueness as established in the existence and uniqueness
theorem of Section 2,

4. As an example let us consider Eq,
dir
i + Mz — 72— pa (Mt — 1) — 28 (¢t —%)] =0 (4.1)
which is a special case of the equation proposed in [2], The term with the factor p
characterizes the plasticity of a material with a nonlinear elastic characteristic,
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The generating equation 2

z
an T Az —128=0
has the periodic solution [1]

c¥ 5a2
x"=ccosm+ﬁ,—(cosm——cos3m)+ 1—062%(230050—24cos3m+c055w)+.. .

3 57 72 -1
o=A(t+n1 (i+§%c’ +—256—-;7~c‘+...)

with the period - 57 ¢
=T (A +het fhet 4. )=~ Tlh+g T+ Ao+ )

We shall attempt to find the solution of Eq,(4, 1) in the form
z = 2°(t, ¢) + P 2y (ta, €) + Bz (&, 0) + ...
t=t (1 + hyed + ...) (1 + o + o2 +..)
where the functions z; (¢, ¢) are periodic in ¢, with the period 2n/A. Condition (3, 9)

for Eq.(4.1) is
—217 3\v; -+ 25a sin Avg 72
Ry (6) = — ah*sin Mac + Wmary sin heged + e on T4 Dasinhh L gy

=11+ hd+ . )P Fapt.)?
The function =z, (#, ¢) turns out to be

x3 = (20; — a €S ATy) [

203 23 1
3re 008 Alg — %8 ¢CosAl — g ccosds| ..
Computation of the second approximation yields the following equation for determin-
ing a, :
—3/g aMy™! (20, — @ c08 AT,) sin ATy + (¥7/,, a0 A3 sin AT, —95/4s a8 8in Aty cosS ATy) X
X& + ...=
The present study was carried out under the supervision of S, N, Shimanov, to whom
the author is sincerely grateful,
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